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Abstract 
 
Numerical simulations are performed to develop a new heat transfer coefficient correlation applicable to the gas 

cooler design of a trans-critical carbon dioxide air-conditioner. Thermodynamic and transport properties of the super-
critical gas cooling process change dramatically and significantly vary heat transfer coefficients to be much different 
from those of single or two phase flows. In the present study, the elliptic blending second moment turbulent closure 
precisely reflecting the effects of these thermo-physical property variations on the turbulent heat transfer is employed to 
model the Reynolds stresses and turbulent heat fluxes in the momentum and energy equations. Computational results 
related to the development of turbulent heat transfer during in-duct cooling of supercritical carbon dioxide were used to 
establish a new heat transfer coefficient correlation that would be widely applicable to a gas cooler design involving 
turbulent heat transfer of supercritical carbon dioxide in square cross-sectional duct flows. 

 
Keywords: Supercritical state; Carbon dioxide; Heat transfer coefficient correlation; Buoyant generation; Elliptic blending model; 

Reynolds stress model; Thermal expansion coefficient 
-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
 

 
1. Introduction 

Because CFC and HCFC refrigerants may cause 
global warming and ozone depletion, the trans-critical 
carbon dioxide (R-744) cycle has recently received 
much attention as an alternative refrigerant for air 
conditioners. Carbon dioxide in trans-critical state 
possesses high specific heat and excellent thermody-
namic and transport properties, making it a good al-
ternative refrigerant. One of the major differences 
between the trans-critical carbon dioxide cycle and 
the conventional cycle is the heat rejection process. In 
the trans-critical cycle, the heat rejection process 
cools the high pressure carbon dioxide gas along the 

supercritical isobar. As a result, the thermo-physical 
properties of the carbon dioxide change drastically, 
but the phase does not. Therefore, the heat rejection 
process is called a “gas cooling ” process instead of a 
“condensing” process. Correct prediction of the heat 
transfer rate in the gas cooling process has been rec-
ognized as the most important factor in the design of 
an efficient air conditioner using the carbon dioxide 
refrigerant. 

Generally, during in-duct cooling of supercritical 
carbon dioxide under high heat flux conditions, the 
density ratio between the near wall and core regions 
of the duct exceeds 3. The production of secondary 
flow and turbulent kinetic energy induced by the 
sharp differentiation of density dramatically enhances 
the heat transfer coefficient of the duct wall.  

Various experimental investigations have been per-
formed to obtain the heat transfer coefficient correla-
tion that can be efficiently used for the design of gas 
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coolers of the trans-critical carbon dioxide cycle. 
Petukhov et al. [1], Krasnoshchekov et al. [2], Baskov 
et al. [3], and Petrov and Popov [4] proposed the heat 
transfer coefficient correlations for turbulent super-
critical carbon dioxide flow. However, their proposed 
heat transfer coefficient correlations have not be con-
firmed to be reliable for the design of gas coolers of 
carbon dioxide air conditioners. There have been 
difficulties in correctly measuring the heat transfer 
coefficients from in-tube cooling of supercritical car-
bon dioxide under high heat flux conditions. As car-
bon dioxide flow approaches the pseudo-critical point, 
many parameters such as the pressure, temperature, 
wall heat flux, Reynolds number and compressibility 
factor, etc. influence the turbulent heat transfer proc-
ess from the supercritical carbon dioxide within tubes 
or ducts. 

The heat transfer coefficient can be determined by 
solving the governing equations of continuity, mo-
mentum and energy. In many respects, it is more effi-
cient to obtain the turbulent heat transfer coefficient 
correlation for the supercritical carbon dioxide in duct 
cooling or heating by computation than by experi-
ments only. Computation can be performed at re-
markable speed at low cost, and computational solu-
tion can give detailed and complete information. It 
can provide the values of all the relevant variables 
throughout the domain of interest. Moreover, realistic 
and ideal conditions can be easily and exactly simu-
lated. However, to obtain the available data sufficient 
for establishing a heat transfer coefficient correlation 
from the computational results for turbulent super-
critical carbon dioxide flows, the turbulence models 
used in the computation should be validated carefully. 

A number of first order turbulence closures em-
ploying the eddy diffusivity model have been intro-
duced to predict the turbulent heat transfer of super-
critical carbon dioxide flow. A mixing length model 
developed by Bellmore and Reid [5] has been widely 
used by various investigators to predict the turbulent 
heat transfer coefficients of supercritical carbon diox-
ide flows. Bellmore and Reid [5] used the thermal 
expansion coefficient ( β ) to relate the turbulent den-
sity fluctuations to the energy fluctuations in the flow 
field. Pitla et al. [6] abandoned Bellmore and Reid [5] 
model in favor of a more elegant approach. They 
obtained a new heat transfer coefficient correlation by 
curve fitting the numerical data to the experimental 
data. Comparing the new heat transfer coefficient 
correlation with three existing correlations, they 

found that the accuracy of their correlations was 
much improved. 

Although the introduction of the first order turbu-
lence models has much improved the prediction of 
turbulent heat transfer from supercritical carbon diox-
ide in tube flow, the first order closures always suf-
fered from the eddy diffusivity concept and could not 
reflect the effects of buoyancy and drastic change of 
thermo-physical properties in the vicinity of the 
pseudo-critical point of heat transfer characteristics.  

The buoyant force acting on a fluid affects the turbu-
lence structure by generation and redistribution of the 
Reynolds stress. As a result, the turbulent heat transfer 
of supercritical carbon dioxide in duct flow becomes 
very complex under a high heat flux condition. 

In the destabilizing region, a sharp density gradient 
in the vicinity of the wall generates Reynolds stress 
while in the stabilizing region it reduces the Reynolds 
stress. This opposite phenomenon is amplified further 
the gas flow approaches the pseudo-critical point. 
Unfortunately, the eddy viscosity model can not ap-
propriately consider the destabilizing and stabilizing 
effects of buoyancy on the generation and redistribu-
tion of the Reynolds stress. 

One of the objectives of the present study is to ap-
ply the elliptic blending second moment turbulence 
closure in the analysis of turbulent heat transfer from 
supercritical carbon dioxide in duct flows.  

A number of computations are performed with 
variations of the wall heat flux and Reynolds number 
in a horizontal duct with a square cross-section. The 
computational results for various conditions of wall 
heat flux and inlet pressure are used to establish a new 
heat transfer coefficient correlation of supercritical 
carbon dioxide flow in square cross-sectional ducts 
for wide application to gas cooler design involving 
the trans-critical carbon dioxide cycle. 
 
2. Mathematical model 

In the present computational work, the square 
cross-sectional duct is selected in the analysis of the 
object flow for establishing a new heat transfer coef-
ficient correlation because the cross-sectional shapes 
of many micro-channels in gas coolers of carbon 
dioxide air conditioners are close to square. 

 
2.1 Mean flow equations 

The three-dimensional equations governing the dis-
tribution of the mean velocity components and energy 
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of compressible and turbulent flows may be ex-
pressed as follows 

 
Continuity  

( ) 0i
i

U
x

ρ∂ =
∂

  (1) 

 
Mean Momentum 

( ) ji
i j i j

j i j j i

UP UU U u u
x x x x x

ρ µ ρ
⎡ ⎤⎛ ⎞∂∂ ∂ ∂ ∂= − + + −⎢ ⎥⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂⎢ ⎥⎝ ⎠⎣ ⎦  

( )0ig ρ ρ+ −    (2) 

 
Energy 

Prj j
j j j

T TU u
x x x

µρ ρ θ
⎛ ⎞∂ ∂ ∂= −⎜ ⎟⎜ ⎟∂ ∂ ∂⎝ ⎠

  (3) 

 
A second moment turbulence closure is introduced 

for determining the Reynolds stresses i ju u  appear-
ing in the mean momentum equations, and the turbu-
lent heat fluxes ju θ  in the energy equation. The last 
term on the right hand side of Eq. (2) is the buoyant 
force term. As the super-critical carbon dioxide flow 
in a duct approaches the pseudo – critical point during 
the gas cooling process, the buoyant force due to the 
sharp differentiation of the density between the wall 
and core regions of the duct induces a strong secon-
dary flow that dramatically increases the heat transfer 
coefficient of the duct wall. 

 
2.2 Turbulence model 

2.2.1 Elliptic blending model for the turbulence 
stress tensor 

The model transport equations for the turbulent 
stress tensor and the energy dissipation rate, which 
constitute an elliptic blending second-moment closure 
(Manceau and Hanjalic [7], Manceau [8], Thielen et 
al. [9]), can be given as follows: 

 

( )i j i j
kl s k l

k l

Du u u u
C u u

Dt x x
νδ τ

⎛ ⎞∂∂
⎜ ⎟= +⎜ ⎟∂ ∂⎝ ⎠

  

 *
ij ij ij ijP G ε+ + + Φ −   (4) 

( )kl k l
k l

D C u u
Dt x xε
ε ενδ τ

⎛ ⎞∂ ∂= +⎜ ⎟∂ ∂⎝ ⎠
  

 1 2
( )

2
kk kkP GC Cε ε

ε
τ τ
++ −    (5) 

where ijP  and ijε  are identified as the stress pro-

duction and dissipation rates, respectively, with 
/ 2kkP P=  and / 2kkε ε= , and *

ijΦ  is the redistribu-
tion term. Also, ijG  is the generation due to the 
buoyant effect and can be written as: 

 

ij i j j iG g u g uβ θ β θ= − −   (6) 

 
where β  is the thermal expansion coefficient de-
fined as:  

 
1

PT
ρβ

ρ
∂= −
∂

   (7) 

 
Buoyant force induced by local thermal stratifica-

tions in duct flow affects the turbulence structure by 
both the buoyant generation and redistribution terms 
in the Reynolds stress and turbulent heat flux equa-
tions. The buoyant generation term ijG  is propor-
tional to the thermal expansion coefficient β  as 
shown in the Eq. (7). 

For an ideal gas, the gas state is represented as 
P RTρ= , and the thermal expansion coefficient is 
given by 1/Tβ = ; for an non-ideal gas, however, as 
the gas state is represented by P Z RTρ= , and the 
thermal expansion coefficient changes to  

 
1 dZ
T ZdT

β = +    (8) 

 
where Z is the compressibility factor that illustrates 
the departure of a pure substance from the ideal – gas 
behavior. 

As the supercritical carbon dioxide flow ap-
proaches the pseudo-critical point, the gradient of the 
compressibility factor increases sharply so that the 

dZ
ZdT

 term in the thermal expansion coefficient for-

mulation (8) increases and the ratio of buoyant to 
shear generations of Reynolds stresses increases 
sharply. In the present second moment turbulence 
closure, the effects of the thermal expansion coeffi-
cient on the i ju u  and iuθ  equations are considered 
elaborately through the ijG  and iG θ  models.  

To impose the limiting wall behavior of the fluctu-
ating quantities of the Reynolds stresses, Manceau [8] 
proposed the elliptic blending method, which blends 
the “homogeneous” (away-from the wall) and near-
wall models of *

ijΦ  and ijε  as follows:  
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( )* 2 21 w h
ij ij ijψ ψΦ = − Φ + Φ   (9) 

( )2 2 21
3

i j
ij ij

u u
k

ε ψ ε ψ εδ⎛ ⎞= − + ⎜ ⎟
⎝ ⎠

   (10) 

 
where ψ  is an elliptic blending parameter, obtained 
by solving the elliptic differential equation  

 
2 2 1Lψ ψ− ∇ = ,   (11) 

 
with the boundary condition 0ψ =  at the wall. For 
the reproduction of the wall-limiting behavior of 

w
ijΦ , Manceau and Hanjalic [7] suggested the near-

wall redistribution term, and a new unit wall-normal 
vector formulation as follows. 

 

( )15
2

w
ij i k j k j k i k k l k l i j iju u n n u u n n u u n n n n

k
ε δ⎛ ⎞Φ = − + − +⎜ ⎟
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  (12) 

n ψ
ψ

∇=
∇

  (13) 

 
In the quasi-homogeneous model h slow

ij ijΦ = Φ  
rapid
ij+Φ , Manceau and Hanjalic [7] adopted the fol-

lowing model of Speziale et al. [10]. 
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The last term of Eq. (14) represents the buoyancy 

effect, which is considered in the present study but 
not included in the original model of Speziale et al. 
[10]. 

In the above equations, the turbulent time scale τ  
and length scale L are bounded by Kolmogorov scales 
as follows (Durbin [11]):  

 

Table 1. The model coefficients for the elliptic blending 
model. 
 

sC Cε
0
1Cε 2Cε 1C *

1C 2C 3C *
3C  4C  5C  6C θ  Cτ  LC  Cη

0.21 0.18 1.44 1.83 3.4 1.8 0 0.8 1.3 1.25 0.4 1.5 6.0 0.161 80.0

 
1/ 2

max ,k Cτ
ντ

ε ε
⎛ ⎞⎛ ⎞= ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

  (16) 

3 / 2 3 / 4

1/ 4max ,L
kL C Cη

ν
ε ε

⎛ ⎞
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⎝ ⎠
  (17) 

 
In the present study, the model coefficients of the 

elliptic blending model are adopted from the im-
proved version of Manceau [8] and listed in Table 1. 
And in Eq. (5), coefficient 1Cε  is described as: 

 

( )2
1 1 1 0.03 1o

i j i j

kC C
u u n nε ε ψ

⎛ ⎞
⎜ ⎟= + −
⎜ ⎟
⎝ ⎠

  (18) 

 
2.2.2 Turbulent heat flux model using the elliptic 

blending equation  
A mathematical model of the turbulent scalar 

transport is required to solve the Reynolds-averaged 
scalar equation. In second-moment closure, the gen-
eration term due to the mean velocity as well as the 
scalar gradients can be handled exactly, and this fea-
ture is one of the most attractive advantages in the 
prediction of complex flows. The transport equation 
for turbulent scalar flux in the buoyancy-affected field 
is given as: 

 

*ti
i i i i i i

Du P G D D
Dt

ν
θ θ θ θ θ θ

θ ε= + + + + Φ −   (19) 

 
From left to right, the terms in Eq. (19) represent 

the convective transport, production terms of turbu-
lent heat flux, buoyant production, viscous diffusive 
transport, turbulent diffusive transport, pressure-
temperature gradient correlation and molecular dissi-
pation of heat fluxes. The turbulent heat flux produc-
tion and buoyant production can be respectively writ-
ten as: 

 
i

i i k k
k k

T UP u u u
x xθ θ∂ ∂= − −
∂ ∂

   (20) 

2
i iG gθ β θ= −    (21)  
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Also, the only unknown correlation in Eq. (21), for 
which another transport equation must be solved, is 
the temperature variance 2θ . For the transport equa-
tion, we adopt the UMIST group's model (Launder 
[12]), which is constructed in a relatively simple form 
as: 

 

( )
2 2

2 2kl k l
k l

D C u u P
Dt x xθ θ θ
θ θνδ τ ε

⎡ ⎤∂ ∂= + + −⎢ ⎥
∂ ∂⎢ ⎥⎣ ⎦

  (22) 

 
where Pθ  is production term and maintains the exact 
form as follows: 

 

i
i

TP u
xθ θ ∂= −
∂

  (23) 

 
And, θε  is the dissipation term and, in the present 
calculations, the model of Launder [12] is adopted as: 

 
21

2R kθ
εε θ=   (24) 

 
with constant time scale ratio R. 

For the modeling of the unclosed term in Eq. (19), 
the near-wall behavior of the heat flux equations must 
be considered. Satisfying the limiting behavior of the 
models at the wall is one of the basic requirements of 
near-wall modeling. According to the expression of 
Lai and So [13], the asymptotic behavior of the vari-
ous terms in Eq. (19) can be determined, and the bal-
ance of Eq. (19) can be taken to define the asymptotic 
behavior of *

iθΦ  model. With these near-wall values, 
a new turbulent heat flux model can be constructed. 
Firstly, the turbulent diffusion term in Eq. (19) is 
modeled by the standard gradient transport hypothesis 
as: 

 

t i
i k l

k l

uD C u u
x xθ θ

θτ
⎛ ⎞∂ ∂= ⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

  (25) 

 
with the adjustable coefficient Cθ .  

The molecular diffusion term iDν
θ  also needs to be 

modeled. In the present study, the model suggested by 
Shikazono and Kasagi [14] is adopted for the wall 
limiting condition as: 

 

( ) ( )
2 6

ji
i i j

k k k

uuD n n
x x x

ν
θ

θν α ν αθ⎛ ⎞∂+ −∂ ∂
⎜ ⎟= +⎜ ⎟∂ ∂ ∂⎝ ⎠

  (26) 

In Eq. (26), the in  means the wall normal unit 
vector.  

The pressure-temperature gradient correlation term 
*
iθΦ  and the dissipation term iθε  are major sink 

terms and need to be carefully modeled. By following 
the same approach as for the turbulent stress field, we 
can express the pressure-temperature gradient correla-
tion term *

iθΦ  with the elliptic blending equation. 
 

( )* 2 21 w h
i i iθ θ θψ ψΦ = − Φ + Φ   (27) 

 
In the above model, the ellipticity of the model is 

preserved by solving an elliptic differential equation 
for ψ . For h

iθΦ , any known quasi-homogeneous 
model can be adopted and the general linear model is 
chosen in the present study as: 

 

1 2 3 4
h i
i i j i j i

j j

U TC u C u C u u C G
k x xθ θ θ θ θ θ
ε θ θ ∂ ∂Φ = − + + −

∂ ∂
 

  (28) 
 
The last term of Eq. (28) represents the buoyancy 

effect, which is considered in buoyancy-affected 
flows only. Because the molecular destruction in high 
Reynolds number flows is significant only close to a 
solid wall, an expression of iθε  satisfying the above 
constraints together with h

iθΦ  can be proposed as:  
 

1 11
2 Pri iu

kθ
εε θ⎛ ⎞= +⎜ ⎟

⎝ ⎠
  (29) 

 
To impose the limiting wall behavior of turbulent 

heat fluxes, w
iθΦ  can be modeled in such a way that 

it approaches its asymptotic value near the wall. 
 

1 11 1
2 Pr

w
i k k iu n n

kθ
ε θ⎡ ⎤⎛ ⎞Φ = − + +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

  (30) 

 
For the reproduction of the limiting wall behavior 

of w
iθΦ , the unit wall-normal vector is used. However, 

the use of a wall-normal vector must be avoided, be-
cause such a quantity is often not well defined for 
complex geometries. Therefore, in the present work, a 
new formulation suggested by Manceau and Hanjalic 
[7] is adopted. Detailed expressions for the present 
heat flux model form and the model coefficients can 
be found in reference of Shin et al [17, 18]. 

The model coefficients for the present elliptic 
blending heat flux model are listed in Table 2. 
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Table 2. The model coefficients for the present elliptic blend-
ing heat flux model. 
 

Cθ  1C θ  2C θ  3C θ  4C θ  6C θ R  

0.153 2.5 0.45 0.0 0.33 1.5 1.6 

 

 
(a) 

 
 

(b) 
 
Fig. 1. Schematic diagram showing a straight duct with a 
square cross-section. 

 
3. Numerical analysis 

3.1 Grid geometry and solving procedure 

Fig. 1 illustrates the geometry of the mesh used for 
the present computational work. The standard grid 
employed to cover the half cross-section of the duct 
between the symmetry plane and on each wall was 42 
× 80 in the horizontal and vertical directions, respec-
tively, with 16 nodes covering the near-wall sublayer. 
The first node from the wall was located at 

2 / 0.5nU x ν <  to avoid the use of wall functions. 
Here nx  is the distance from the (nearest) wall and 

2U  is the resultant wall shear velocity at the point on 
the surface located by dropping a perpendicular from 
the point in question. 

The above-described governing equations are 
solved using a finite difference forward-marching 
procedure. The marching is proceeded from an up-
stream station, where the flow conditions are known, 
to successive station downstream. The procedure thus 

Table 3. Inlet conditions for the present computation. 
 

Rein  (MPa)inP 2(W/m )q  (m/s)inv  (kg/s)m

-10,000 1.636 0.0208 

-20,000 1.636 0.0208  
7.353 

-40,000 1.636 0.0208 

-10,000 1.199 0.0226 

-20,000 1.199 0.0226 

 
 

100,000
 

10 
-40,000 1.199 0.0226 

 
computes the flow section by section along the duct 
length. The usual staggered arrangement of U, V, W 
and P nodes is adopted, iterated either by way of 
SIMPLER [15]. The non-diffusive QUICK scheme 
[16] is used for the discretizing convective transport 
in the cross-sectional plane of the duct. The mass 
residual criteria is maintained below 410−  of at each 
60000 times iteration until the value is completely 
converged. Under relaxation factors of energy, mo-
mentum, Reynolds stress are set to be 610− , 910− , 

910−  respectively. 
 

3.2 Heat transfer of supercritical carbon dioxide 
flow under high heat flux condition  

Turbulent heat transfer of supercritical carbon diox-
ide in duct flow is much different from normal turbu-
lent heat transfer. The important factor is the secon-
dary flow generated by the drastic change of density 
in the wall region. During the gas cooling process, 
more increase in thermal conductivity, specific heat, 
and density in the wall region than in the core region 
of the duct may promote the increase of the heat 
transfer coefficient, but earlier decreases in thermal 
conductivity, specific heat, and density in the wall 
region than in the core region of the duct may reduce 
the heat transfer coefficient during the heating process.  

Table 3 shows the inlet and wall heat flux condi-
tions. At the beginning of the computation, duct inlet 
conditions were specified for the mean velocities U, 
V, and W, and turbulent kinetic energy k. Fully de-
veloped conditions obtained from the precedent cal-
culation were used for the inlet condition. Reynolds 
stresses at the duct inlet were calculated from the 
Boussinesq assumption. In all computations, the 
Reynolds number based on the bulk mean velocity, 
density, viscosity and hydraulic diameter was 
fixed to 510  at the duct inlet and at the inlet tem-
perature to 373.15 K. Duct inlet pressure was 
changed to 7.353 MPa and 10 MPa. The isobar of 
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7.353 MPainP =  passes through the critical point. 
For each duct inlet pressure, three kinds of heat flux 
-10,000 W/m2, -20,000 W/m2 and -40,000 W/m2 
were applied. The heat transfer computation was con-
tinued until the bulk mean temperature of carbon 
dioxide decreased to about 293.15 K. 

 
3.3 Verification of the present second moment clo-

sure 

Before the present second moment turbulence clo-
sure can be applied to predict the turbulent heat trans-
fer of supercritical carbon dioxide in duct flow under 
high heat flux condition, which involves a dramatic 
thermo-physical properties change, the present second 
moment closure must be verified in the minute heat 
flux condition.  

To verify the present second moment closure, tur-
bulence heat flux was compared with DNS data [17, 
18], and turbulence stress of present results was com-
pared with the experimental results [19]. 

The present heat flux model was validated against 
available DNS data for various turbulent flows. [17, 
18]. Moreover, the predicted distributions of Rey-
nolds stress were compared with the experimental 
results of the Reynolds stress 2v  measured by laser 
doppler velocimeter [19]. In Fig. 2, the present com-
putational results used the elliptic blending model 
[EBM], and the Reynolds stress model [RSM] used 
the Shin et al’s model [20] and Dol et al’s model [21]. 
The numerical analysis with the same conditions of 
the occurrence of heat flux on the right and left side 
wall was conducted at the mass flow rate, 

0.0127 kg/sm = , and heat flux, 280,000W/mq = . 
The EBM (elliptic blending model) removed of nu-
merical instability in the wall boundary condition 
coincided with the experimental results in Fig. 2. At 

/ 20hx D = , before fully developed, numerical results 
disagreed with the experimental results. But at 

/ 80hx D = , the fully developed location, the experi-
mental results coincided with the results of the EBM 
(elliptic blending model). Especially, the numerical 
predictions near the wall were more precise with the 
EBM (elliptic blending model) than with the RSM 
(Reynolds stress model).  

The two Reynolds stress models adopted in the 
present study involve the wall-reflection term in the 
pressure-strain model, and the wall-reflection term 
employs the local distance from the wall. Since the 
present flow region is directly affected by the four  
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Fig. 2. Reynolds stress 2v distributions at P=7.353 MPa. (a) 
x/D=20 (b) x/D=80. 

 
walls composing the rectangular duct, we guess that 
two Reynolds stress models using the wall-reflection 
term over-predict the profiles of wall-normal direc-
tion Reynolds stress. In addition, we can see that the 
quasi-homogenous part of pressure-strain model 
adopted in two Reynolds stress models affects on the 
over-prediction. Although the modifications for the 
near wall proximity and satisfying the two-
component limit are achieved by expressing the 
model coefficients as functions of invariant turbu-
lence parameters, the quasi-homogeneous models 
adopted in two Reynolds stress models are directly 
used to near wall region from the far-from-the-wall 
homogenous flows without any limitation unlike the 
elliptic blending model, in which the quasi-
homogenous part is controlled by the elliptic blending 
function as can be seen Eq. (9). 

The elliptic blending model removed of the nu-
merical instability in the wall boundary condition 
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predicted the experimental results more precisely than 
the Reynolds stress model affected by the wall func-
tion. The Reynolds stress model, known to predict 
inaccurate values near walls, will predict more inac-
curate values in the case of super-critical carbon-
dioxide flow with sharp change of properties. The 
distinctive features of turbulence in the region imme-
diately adjacent to a wall are strong inhomogeneity 
and large anisotropy. Suitable measurement of these 
near wall turbulence characteristics may be the most 
important factor for the accurate prediction of turbu-
lent supercritical carbon dioxide flows with wall 
boundary. Virtually all previous models for the pre-
diction of turbulent supercritical flow of carbon diox-
ide have used isotropic or quasi-homogeneous as-
sumptions in some significant aspect of their formula-
tions. Such formulations cannot produce Reynolds 

stresses and turbulent heat fluxes, adequately consid-
ering the strong inhomogeneity and large anisotropy 
in the vicinity of the wall subjected to a large heat 
flux. Therefore, in all other calculations of this work, 
we only used the elliptic blending model and the el-
liptic blending heat flux model.  
 
4. Results and discussion 
4.1 Buoyancy effects on the turbulent heat transfer 

Turbulent heat transfer of supercritical carbon diox-
ide flow in a square duct is much different from that 
of normal state flow because of two reasons. One is 
the strong secondary flow generated by the sharp 
density differentiation in the near wall region of the 
duct. The other is the buoyancy effect generated by 
density stratification upon turbulence generation in 

 

 

 
 

(a) 
 

 

 
 

(b) 
 

Fig. 3. Development secondary flow patterns for constant heat flux boundary condition. (a) 27.353 MPa, 40, 000 W/min wP q= = −
(b) 210 MPa, 40,000 W/min wP q= = − .  
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the near wall region.  
During the cooling processes of super-critical car-

bon dioxide flow in a duct, inhomogeneity of the 
density between the near wall and core regions gener-
ates strong secondary flow motion, as shown in Fig. 3. 
The secondary flow patterns are greatly changed ac-
cording to the inlet pressure conditions. In the case of 

10 MPainP =  condition, the low density fluid gener-
ated near the side wall gives rise to strong downward 
fluid motion, which induces a counter-clockwise vor-
tex flow in the cross-sectional plane of the duct. This 
counter-clockwise vortex flow enhances the heat 
transfer of the upper wall region but weakens the heat 
transfer of the lower wall regions by moving the main 
stream from lower to upper parts. This moving of the 
main stream from lower to upper parts steepens the 
gradients of the streamwise velocity profiles in the 
upper wall region more than those in the lower wall 
region. However, in the case of 7.353 MPainP = , T = 
303.15 K, properties of carbon dioxide change greatly, 

and break the secondary flow to form a new flow in 
the upper wall region, which is different from that of 
the case where the stable layer is formed in the lower 
wall region, to reach the critical point in Fig. 3(a), and 
this new flow can be one reason for the enhancement 
of the heat transfer in the super-critical state. 

Fig. 4 and Fig. 5 show the developments of Rey-
nolds stresses in the upper and lower near wall re-
gions. In the case of 10 MPainP =  condition, the 
Reynolds stress of the upper wall region is always 
larger than that of the lower wall region, as the cool-
ing process proceeds. In the upper wall region of a 
horizontal duct, positive buoyant generation destabi-
lizes the flow to enhance the heat transfer but in the 
lower wall region, negative buoyant generation stabi-
lizes the flow to reduce the heat transfer. Especially, 
the effect of secondary flow and buoyant turbulence 
generations promote the heat transfer in the upper 
region and reduce the heat transfer in the lower wall 
region.  
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Fig. 4. Development of Reynolds stress profiles for the constant heat flux condition of upper and lower walls for 

27.353 MPa, 40,000 W/min wP q= = −  (a) Reynolds stress 2v  profiles (a) Reynolds stress 2w  profiles. 
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Fig. 5. Development of Reynolds stress profiles for the constant heat flux condition of upper and lower walls for 

210 MPa, 40, 000 W/min wP q= = −  (a) Reynolds stress 2v  profiles (a) Reynolds stress 2w  profiles. 
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Fig. 6 shows the production term of Eq. (4). The 

expansion coefficients in Eq. (8), in the cases of 
1 dZ
T ZdT

β = + , 1
T

β = , 0β = , are compared to each 

other to consider the effect of the expansion coeffi-
cient on the buoyancy production term. This compari-
son shows that the production term increases steeply 
in the upper wall region as the carbon-dioxide state 
reaches the super-critical point. This result is not 
shown in the case where the buoyancy force and the 
expansion coefficient are not considered. The in-
crease of the expansion coefficient in the upper wall 
region causes the buoyancy production term in Eq. 
(6) to enhance the heat transfer in the upper wall re-
gion, as shown in Fig. 6. 

 
4.2 Evaluating of existing turbulent heat transfer 

coefficient correlation. 

Fig. 7 compares experimental results by using 
Dang el al’s experiments [22] with numerical results. 
This figure shows that the elliptic blending model  
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Fig. 7. Comparisons of the heat transfer coefficient predicted 
by computational results. 

 
obtained in this research showed good agreement 
with the results of Dang el al’s experiments [22]. The 
results of this research can predict the increase of heat 
transfer coefficient affected by the property when 
temperature is between 305.15 K and 313.15 K. At 
308 K, which is super-critical point, the property of 
carbon dioxide varies drastically. At this super-critical  

                                            
(a) 

                                       
(b) 

 
Fig. 6. Development 22P  of upper wall for 240,000 W/mwq = −  heat flux condition. (a) 7.353 MPainP =  (b) 10 MPainP = .



 S. H. Han et al. / Journal of Mechanical Science and Technology 22 (2008) 2563~2577 2573 
 

  

300 310 320 330 340 350

1800

2700

3600

4500

5400

6300

7200

 present correlation
 pitla correlation(2002)
 Krasnoshchekov correlation(1970)
 Retukhov correlation(1961)
 Dang et al's experiment(2004)

Tb [K]

h(
N

u 
k f  

t b-1
)

  
Fig. 8. Comparisons of the heat transfer coefficient predicted 
by various correlations. 
 
region, density, specific heat, thermal conductivity, 
viscosity increase rapidly and cause heat transfer to 
increase. At Fig. 7 and Fig. 8, sharp increase of prop-
erty creates a cusp nature of heat transfer coefficient 
near 308K. This phenomenon has been shown in both 
experiment result and second moment closer model 
but not in correlation. Also it can be seen from the 
figure that second moment closure model gave 5- 
10% higher Nusselt number distribution than that of 
the present elliptic blending method. 

Various correlations based on the results of these 
investigations have been proposed, and the Nusselt 
number predicted by existing correlations was com-
pared with the present predictions for the heat cooling 
process of supercritical carbon dioxide with variation 
of wall heat flux and duct inlet pressure. On the as-
sumption that the heat transfer coefficient correlation 
for in-tube supercritical carbon dioxide flow is only 
little different from that for in-square sectional duct 
flow, we evaluated the appropriateness of the existing 
correlations by comparing the results from these ex-
isting correlations with the present computational 
results for the gas cooling process.  

The evaluated correlations are as follows. 
Retukhov et al’s [1] correlation based on the ex-

perimental results for the heating of supercritical car-
bon dioxide in tubes. 

 
0.350.11 0.33
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  (31) 

 
where bNu  is calculated using the Retukhove 
Kirillov correlation from Eq. (32). 
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piC  in correlation (31) is defined as  
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Krasnoshchekov et al. [2] carried out an experi-

mental study of the heat transfer characteristics during 
turbulent flow in around a tube with  
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where, 
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Pitla et al. [6] proposed a new correlation for the 

Nusselt number based on the numerical prediction. A 
new correlation was based on the “mean Nusselt 
number” and was defined as shown in Eq. (36). 

 

2
wall bulk wall

bulk

Nu Nu kNu
k

+⎛ ⎞= ⎜ ⎟
⎝ ⎠

  (36) 

 
where wNu  and bNu  are Nusselt numbers that are 
evaluated based on the thermophysical properties at 
the wall and bulk temperatures, respectively. In each 
case, Grielinski’s correlation (37) is used to calculate 
the respective Nusselt number. 
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  (38) 

 
All the comparisons were performed for the condi-

tion without consideration of the buoyancy-effect. 
However, the present numerical simulations of super-
critical carbon dioxide flow in a square cross sectional 
duct considered the buoyancy effects on turbulent 
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heat transfer. We developed a new heat transfer coef-
ficient correlation for supercritical carbon dioxide 
flow.  

Krasnoshchekov and Protopopov [23], Baskov et al. 
[3], Krasnoshchekov et al. [2] accounted for the effect 
of the change of thermophysical properties over the 
cross section of the tube by introducing correction 
factors for density and specific ratio of the following 
form. 

 
nm
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C
Nu Nu
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ρ
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= ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

  (39) 

 
where bNu  is calculated using the bulk temperature. 
But this type of correlation does not consider the ef-
fect of free convection. Protopopov et al. [24] charac-
terized the effect of free convection using the ratio of 
the Grashf and the square of the Reynolds number. 
For the upward flow in a vertical tube, he proposed 
the following variation to the correlation given by Eq. 
(40) 

 
( )cNu Nu Kφ=   (40) 

/ ReK Gr=   
 
The value of cNu  can be calculated by using Eq. 

(39). In the present numerical analysis, however, we 
found that in a horizontal duct flow of supercritical 
carbon dioxide, buoyancy driven secondary flows 
significantly affected the streamwise velocity distri-
bution and heat transfer characteristics of side walls 
with the increase of the wall heat flux. Therefore, we 
proposed the following heat transfer coefficient corre-
lation for cooling of supercritical carbon dioxide in a 
horizontal square sectional duct. 
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  (41)  

 
We replace piC  in Eq. (39) by pfC , where pfC  

is the specific heat at the flux temperature 
( )( ) / 2f b wT T T= + . The model constructs are found 
by numerical optimization, and 0.8, ,a b n= =  

0.25, 0.15c d= =  and 0.6C =  are adopted,  
where n is used as the value of Krasnoshchokov et 
al’s [2] correlations:  
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In Fig. 8, heat transfer coefficient predicted by 

various correlations is compared with Dang et al’s 
[22] experimental values. The results from the present 
correlation as well as the Pitla et al’s [6] correlation 
agree with Dang et al’s [22] experimental values, but 
Retukhov et al’s [1] and Krasnoshchokov et al’s [2] 
correlations gave somewhat lower values.  

Fig. 9 shows the comparisons of Nusselt number 
predicted by various correlations and the present com-
putational results. The various trends of Nusselt num-
ber predicted using the present and Pitla et al’s [6] 
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Fig. 9. Comparisons of Nusselt Number predicted by various 
correlations. (a) 27.353 MPa, 40,000 W/min wP q= = −  (b) 

210 MPa, 40,000 W/min wP q= = − . 
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Fig. 10. Comparisons of present correlation with computa-
tional results. (a) 27.353 MPa, 40,000 W/min wP q= = −  (b) 

210 MPa, 40,000 W/min wP q= = − . 
 

correlation agree most with the present computational 
results, but at the critical pressure 7.353 MPainP =  
Pitla et al’s [6] correlation show somewhat higher 
value than the present computational results. At the 
duct inlet pressure 10 MPainP = , the present correla-
tion and Pitla et al’s [6] correlation show very good 
agreement with the present computational results. 
Retukhov et al’s [1] correlation show the same re-
sults as the Krasnoshchokov et al’s [2] correlations, 
except for some differences in the high temper-
ature region. Especially for the critical pressure 

7.353 MPainP = , the Nusselt number does not rise 
with the decrease of the bulk mean temperature, as 
shown in the computational results. And at the duct 
inlet pressures 10 MPainP = , Retukhov et al’s [1] 
and Krasnoshchokov et al’s [2] correlations give 
lower values everywhere than the present computa-
tional results. 

As shown in Fig. 10, the present heat transfer coef-
ficient correlation (41) predicted the Nusselt number 
for the gas cooling process of supercritical carbon 
dioxide flow in a square sectional duct. The Nusselt 
number agreed well with the predictions by numerical 
analysis for both cases without consideration of 
buoyancy and with consideration of buoyancy, re-
spectively. The parameter 0.25 0.15/ PrRi  is appropriate 
for reflecting the buoyancy effect on heat transfer in 
the gas cooling process of supercritical carbon diox-
ide flow in a square sectional duct. Fig. 10 shows that 
the present correlation with consideration of buoy-
ance gives Nusselt number distribution that is 5% 
higher than that without consideration of buoyance. 
This buoyance effect means the enhancement of tur-
bulence production during heat transfer for a fluid 
temperature gradient as well as the development of 
secondary flow through the core region and decrease 
along the side walls by buoyance. 

The various trends of Nusselt number predicted by 
using the present correlation with consideration of 
buoyance agree with the present computational result. 
At 10 MPainP = , the result obtained from the present 
correlation without consideration of buoyance agrees 
with the present computational result at high tempera-
tures, but beyond the pseudo-critical temperature, the 
result obtained from the present correlation with con-
sideration of buoyance agrees with the present com-
putational result.  
 

5. Conclusions 

The elliptic-blending second moment closure was 
applied to the prediction of gas cooling process of 
turbulent super-critical carbon dioxide flow in a 
square duct. Computational results showed that a 
sharp differentiation of density between the near wall 
and core regions generated strong secondary flow 
motion. The buoyant generation of turbulence also 
takes an important role in determining the heat trans-
fer characteristics in the near wall regions.  

(1) During the gas cooling process of super-critical 
carbon dioxide flow, steep increases in density and 
specific heat of the near wall region were the major 
cause of the heat transfer enhancement of ducts or 
pipes.  

(2) During the gas cooling process of super-critical 
carbon dioxide flow, the strong density stratification 
formed in the vicinity of the wall induced a secondary 
flow, which increased the heat transfer.  
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(3) As the super-critical carbon dioxide flow ap-
proached the critical or pseudo-critical points, the 
compressibility factor, which indicates the departure 
from non-ideality of gas, contributed significantly to 
the generation and redistribution of the Reynolds 
stress. 

(4) A new heat transfer coefficient correlation was 
derived from the computational heat transfer of super-
critical carbon dioxide flows in a square duct by em-
ploying an elliptic-blending moment closure to the 
Reynolds stress and turbulent heat flux. 
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Nomenclature----------------------------------------------------------- 

ijb  :  Anisotropic tensor 
pC  :  Specific heat at constant pressure 
HD  : Hydraulic diameter of square  

  cross-sectional duct 
ig  :  Gravitational acceleration 

Gr  :  Grashf number 
h  :  Heat transfer coefficient  
i  :  Enthalpy  
k  :  Turbulent kinetic energy, heat condu ctivity  
m  :  Mass flow 

in  :  Wall normal vector 
Nu  :  Nusselt number 
p  :  Local pressure 
Pr  :  Prandtl number 
q  :  Heat flux 
R  :  Gas constant 
Re  :  Reynolds number 
Ri  :  Richardson number 

ijS  :  Strain tensor 
T  :  Temperature  

,u U  :  Fluctuating and mean velocity in  
  direction x  

i ju u  :  Kinematic Reynolds stress 
iuθ  :  Turbulent heat flux 
,v V  : Fluctuating and mean velocity in  

  direction y  
,w W  :  Fluctuating and mean velocity in  

  direction z  
ijW  :  Vorticity tensor 

x  :  Coordinate normal to side wall 

y  :  Coordinate along gravitational direction 
z  :  Coordinate along stream wire direction 
Z  :  Compressibility factor 
 
Greek symbols 

α  :  Thermal diffusivity 
β  :  Thermal expansion coefficient 
ε  : Dissipation rate of turbulent kinetic energy 

ijε  :  Dissipation rate of i ju u  
iθε  :  Dissipation rate of iuθ  
µ  :  Dynamic viscosity 
ν  :  Kinematic viscosity 
θ  :  Fluctuating component of temperature 
ρ  :  Density 
τ  :  Turbulent time scale 

ijΦ  :  Pressure strain term of i ju u  equation 
iθΦ  :  Pressure scalar gradient term of iuθ   

  equation 
 
Subscripts 

b  :  Bulk mean 
cp  :  Critical point 
in  :  Inlet 
k  :  Turbulent kinetic energy 
m  :  Mean 
θ  :  Temperature 
ε  :  Dissipation rate of turbulent kinetic energy 
t  :  Turbulence 
w  :  Wall 
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